] that clean elements are always exchange, and the converse holds when R is an Abelian ring. R is called an exchange ring if every element of R is an exchange element, and R is said to be clean if every element of R is clean. Clearly, every clean ring is exchange and the converse is not true unless R satisfies one of the following conditions: (1) R is an Abelian ring ( [13] ); (2) R is a left quasi-duo ring ( [22] ); (3) R is a quasi-normal ring ( [18] ); (4) R is a weakly normal ring ( [20] ). In this paper, we shall show that nil-semicommutative exchange rings are clean.
According to [15] , a ring R is called to have stable range 1 if for any a, b ∈ R satisfying aR + bR = R , there exists y ∈ R such that a + by ∈ U (R). [23, Theorem 6] showed that exchange rings with all idempotents central have stable range 1. In particular, it is proved that left quasi-duo exchange rings have stable range 1. [18, Theorem 4.8] showed that quasi-normal exchange rings have stable range 1. In this paper, we shall show that nil-semicommutative exchange rings have stable range 1.
Characterizations and properties
Obviously, a ring R is nil-semicommutative if and only if for any n ≥ 2 and a 1 , a 2 , · · · , a n ∈ R , a 1 a 2 · · · a n ∈ N (R) implies a 1 r 1 a 2 r 2 · · · a n−1 r n−1 a n ∈ N (R) for any r 1 , r 2 , · · · , r n−1 ∈ R . In particular, if a ∈ N (R) then aR, Ra ⊆ N (R). Hence, if R is a nil-semicommutative ring, then N (R) ⊆ J(R) . In fact, we have the following proposition.
Proposition 2.1 The following conditions are equivalent for a ring R :
(1) R is a nil-semicommutative ring; (2) aR ⊆ N (R) for any a ∈ N (R); (3) Ra ⊆ N (R) for any a ∈ N (R).
In each case, N (R) ⊆ J(R).
Proof (1) =⇒ (2) and (1) =⇒ (3) are trivial.
(2) =⇒ (1) Assume that ab ∈ N (R). Clearly, ba ∈ N (R) ; so, by (2) , baR ⊆ N (R). Hence for any r ∈ R , bar ∈ N (R); this leads to arb ∈ N (R). Therefore, R is a nil-semicommutative ring.
Similarly, we can show (3) =⇒ (1). 2
A ring R is called directly finite if for any a, b ∈ R , ab = 1 implies ba = 1 . [3, Proposition 2.8] showed that nil-semicommutative rings are directly finite. By Proposition 2.1, we give another proof as follows.
Corollary 2.2 Nil-semicommutative rings are directly finite. In particular, both N I rings and 2 − primal rings are directly finite.
Proof Let a, b ∈ R and ab = 1. Set e = ba ; then ae = a. Write h = a−ea. Then he = h , eh = 0 , and h 2 = 0.
Since R is a nil-semicommutative ring, hb ∈ N (R) by Proposition 2.1, that is 1 − e = (a − ea)b = hb ∈ N (R).
Thus ba = e = 1 and so R is directly finite. 2
Recall that a ring R is N CI [6] if either N (R) = 0 or N (R) contains a nonzero ideal of R . Clearly, N I rings are N CI . According to [6] , N CI rings need not be directly finite. Hence, by Corollary 2.2, N CI rings need not be nil-semicommutative. [6, Remark 2] pointed out that the subring of N CI rings need not be N CI , but Proposition 2.1 implies that the subrings of nil-semicommutative rings are nil-semicommutative.
Recall that a ring R is right quasi-duo if every maximal right ideal of R is an ideal of R . According to [9, Theorem 3.2] , a ring R is right quasi-duo if and only if for any a, b ∈ R , aR + (ba − 1)R = R . [9, Example 5.5] gave a reduced ring that is not right quasi-duo. Hence, nil-semicommutative rings need not be right quasi-duo by Corollary 2.2.
According to [10] , a ring R is called weakly semicommutative if ab = 0 implies arb ∈ N (R) for all a, b ∈ R . Clearly, nil-semicommutative rings are weakly semicommutative, but the converse is not true by [3, Example 2.2]. The following corollary is an immediate result of Proposition 2.1 for a nil-semicommutative ring. In fact, the reviewer points out that it also holds for weakly semicommutative rings. Hence we have Corollary 2.3 If R is a weakly semicommutative ring and e ∈ E(R), then
Proof (1) and (2) are trivial.
With the help of Proposition 2.1, we can give a characterization of N I rings.
Proposition 2.4 A ring R is N I if and only if R is nil-semicommutative and (N (R), +) is a subgroup of
(R, +).
[7, Proposition 2] showed that semiprimitive right quasi-duo rings are reduced. By Proposition 2.1, we have: Proposition 2.5 Let R be a nil-semicommutative ring. Then
(2) eRe is nil-semicommutative for each e ∈ E(R).
Since R is a nil-semicommutative ring and b ∈ N (R), by Proposition 2.1, b ∈ J(R) , this leads to 
Proof Assume that R is nil-semicommutative and abc ∈ N (R). Hence acbac ∈ N (R). By Proposition 2.1,
Conversely, if ab ∈ N (R), then ab1 ∈ N (R) , and so arb = ar11b ∈ N (R) by hypothesis. Hence R is nil-semicommutative. 2
According to [18] , a ring R is called quasi-normal if for any a ∈ R and e ∈ E(R) Let R be a ring. Write M E r (R) = {e ∈ E(R)| eR is a minimal right ideal of R} . Similarly, we can
ring R is said to be strongly right min-abelian if every element of M E r (R) is left semicentral, and a ring R is 
Proposition 2.7 Nil-semicommutative rings are right min-abelian.
Proof Let e ∈ M E r (R) and a ∈ R . Write h = ea − eae. Then eh = h , he = 0 , and h ∈ N (R). If h ̸ = 0 , Then hR = eR because eR is minimal right ideal of R . By Proposition 2.1, eR = hR ⊆ N (R), which is a contradiction. Hence ea = eae for all a ∈ R , which implies that R is right min-abelian. Let F be a field and S =
. Then S is a right quasi-duo ring and so S is right min-abelian.
Consider the idempotent e = ( 0 0 0 1 ) ; by computing, we can see that e ∈ M E r (S) and e is not left semicentral. Hence S is not strongly right min-abel. Since
is an ideal of S , S is a nilsemicommutative ring. Hence there exists a nil-semicommutative ring that is not strongly right min-abelian and so there exists a nil-semicommutative ring that is not right M C2 by Proposition 2.7.
Let R be an algebra over a commutative ring S . Recall that the Dorroh extension of R by S is the ring R × S with operations (r 1 ; s 1 ) + (r 2 ; s 2 ) = (r 1 + r 2 ; s 1 + s 2 ) and (r 1 ; s 1 )(r 2 ; s 2 ) = (r 1 r 2 + s 1 r 2 + r 1 s 2 ; s 1 s 2 ); where r i ∈ R and s i ∈ S . Theorem 2.8 Let R be an algebra over a commutative reduced ring S , and D be the Dorroh extension of R by S . If R is nil-semicommutative, then D is also nil-semicommutative.
Hence a ∈ N (R) because x n = (a n ; 0). Since R is nil-semicommutative, aR ⊆ N (R) . For any y = (b; t) ∈ D ,
Proposition 2.9 Let R be a quasi-normal ring and e ∈ E(R). If eRe and (1 − e)R(1 − e) are nilsemicommutative rings and (N (R), +) is a subgroup of (R, +), then R is a N I ring.

Proof
Let ab ∈ N (R). Then there exists n ≥ 1 such that (ab) n = 0 . Since R is quasi-normal, 
is nil-semicommutative. Since earb(1 − e), (1 − e)arbe ∈ N (R) and (N (R), +) is a subgroup of (R, +) ,
Proposition 2.10 If R is a subdirect product of a finite family of nil-semicommutative rings {R
I i = 0 and each R/I i is nil-semicommutative. Assume that ab ∈ N (R) and r ∈ R . Then, for each i , inR = R/I i ,āb ∈ N (R) . SinceR is nil-semicommutative,
Theorem 2.11 Let R and S be rings and
R W S be a (R, S)−bimodule. Let E = T (R, S, W ) = ( R W 0 S ) .
Then E is nil-semicommutative if and only if R and S are nil-semicommutative.
Proof ( 
) .
Then xy ∈ N (R) and st ∈ N (S). Since R and S are nil-semicommutative, xzy ∈ N (R) and slt ∈ N (S). Therefore ACB =
Let R be a ring and write Let R be a ring and W a bimodule over R . Write (1) R is nil-semicommutative;
Let R be a ring and W a bimodule over R . Let
with the addition componentwise and multiplication defined by
Then R ▷◁ W is a ring that is isomorphic to the ring (R ∝ W ) ∝ (R ∝ W ). Let
. Moreover, we have the following isomorphism as rings:
Corollary 2.14 Let R be a ring and W a bimodule over R . Then the following conditions are equivalent:
(1) R is a nil-semicommutative ring;
(2) R ▷◁ W is a nil-semicommutative ring; (3) BT (R, R) is a nil-semicommutative ring;
(4) BT (R, W ) is a nil-semicommutative ring;
is a nil-semicommutative ring;
(6) R ▷◁ R is a nil-semicommutative ring.
Let R be a ring and write 
Then CT 9 (R) is a ring and CT 9 (R) ∼ = GT 3 (GT 3 (R)) .
Corollary 2.15 The following conditions are equivalent for a ring R :
R) is a nil-semicommutative ring;
(3) CT 9 (R) is a nil-semicommutative ring.
Regularity of nil-semicommutative rings
Let R be a ring and a ∈ R . Then a is called π− regular, if there exists n ≥ 1 and b ∈ R such that a n = a n ba n ;
in the case of n = 1 , a is called von Neumann regular, and a is said to be strongly π−regular, if a n = a n+1 b, and in case of n = 1 , a is called strongly regular. A ring R is called von Neumann regular, strongly regular, π− regular and strongly π−regular, if every element of R is von Neumann regular, strongly regular, π−regular, and strongly π− regular, respectively. According to [17] , a ring R is called n− regular if every element of N (R) is von Neumann regular.
Proposition 3.1 Let R be a nil-semicommutative ring and x ∈ R . Then:
(1) If x is von Neumann regular, then x is strongly regular.
(2) If x is π− regular, then there exists e ∈ E(R) such that ex is strongly regular and (1 − e)x ∈ N (R).
Proof
(1) Let x = xyx for some y ∈ R and put e = xy ; so xR = eR . As (1 − e)x = 0 , the nilsemicommutative hypothesis implies that the element x(1 − e)ye = e − xeye is nilpotent, and since e minus any power of e − xeye lies in xeR = x 2 R , we obtain xR = eR = x 2 R . Hence x is strongly regular.
(2) By hypothesis, there exists a positive integer n such that x n is regular. By (1) , x n is strongly regular. By [12] , x n = x n ux n and x n u = ux n for some u ∈ U (R). Let e = x n u. Then e ∈ E(R) , x n = ex n = x n e , and x n = ev , where
By (1), ex is strongly regular. Since ex = ux n x = (ux)x n = (ux)x n e and xe = xx n u = x n (xu) = ex n (xu),
A ring R is called right universally mininjective if every minimal right ideal of R is a direct summand, and R is said to be strongly right DS if for any minimal right ideal I of R , N (R) ∩ I = 0 . [19, Theorem 3.2] showed that a ring R is strongly right DS if and only if R is right universally mininjective and right min-abelian. By Proposition 3.1, we have the following corollary. 
Corollary 3.2 Let R be a ring. Then (1) R is strongly regular if and only if R is von Neumann regular and nil-semicommutative. (2) R is reduced if and only if R is n−regular and nil-semicommutative. (3) If R is nil-semicommutative, then R is π− regular if and only if R is strongly π−regular.
Proposition 3.3 A ring R is reduced if and only if R is right M C2 , nil-semicommutative, and every simple singular right R− module is W nil− injective.
Proof The necessity is clear. Recall that a ring R is right idempotent reflexive if eRa = 0 implies aRe = 0 for e ∈ E(R) and a ∈ R . Clearly, semiprime rings are right idempotent reflexive and right idempotent reflexive rings are right M C2. By Proposition 3.3, we have the following corollary. Clearly, reduced =⇒ strongly right DS =⇒ right universally mininjective. By [14] , right universally mininjective =⇒ right mininjective =⇒ S r (R) ⊆ S l (R). Hence, by Proposition 3.3, we have the following corollary.
Corollary 3.5 The following conditions are equivalent for a ring R :
(1) R is reduced; this gives S r (R) ⊆ r(ae) . Since r(e) = r(ae), e ∈ S r (R) ⊆ r(e), which is a contradiction. Hence (aeR) 2 ̸ = 0 ; this leads to aeR = gR for some g ∈ M E r (R). Let g = aec for some c ∈ R . Then ae = gae = aecae. Let h = cae. Then h 2 = h and Rae = Rh . Thus Rae = lr(h) = lr(ae) = lr(e) = Re ; this shows that Re is a minimal left ideal of R , e ∈ M E l (R) . Thus R is a right M C2 ring. By Proposition 3.3, R is reduced. 2
The following corollary generalizes [8, Theorem 4] . 
Proposition 4.3 Let R be a nil-semicommutative ring and idempotent can be lifted modulo J(R). Then (1) If a ∈ R is clean, then ae is clean for any e ∈ E(R).
(2) If both a and −a are clean, then a + e is clean for any e ∈ E(R) .
Proof
(1) Let a = u + f , where u ∈ U (R) and f ∈ E(R). Since eR(1 − e), (1 − e)Re ⊆ N (R), such that g − f e ∈ J(R); this givesāē =ūē +ḡ . Let ae = ue + g + y for some y ∈ J(R) . Since
Clearly, ae = v +g +(1−e)+y . Since (ḡ +1−ē) 2 =ḡ +1−ē , there exists h ∈ E(R) such thath =ḡ +1−ē. Let
Hence ae is clean.
(2) Since −a is clean, 1 + a is clean. Let a = u + f and 1 + a = v + g , where u, v ∈ U (R) and
, and so there exists h ∈ E(R) such that ge + f (1 − e) = h + y for some y ∈ J(R) . Since
This implies ve + u(1 − e) + y ∈ U (R). Clearly, a + e = (ve + u(1 − e) + y) + h and so a + e is clean. a + e is clean for any e ∈ E(R).
and ( In [21] , a ring R is said to satisfy the unit one-stable condition if for any a, b, c ∈ R with ab + c = 1 , there exists u ∈ U (R) such that au + c ∈ U (R). It is easy to prove that R satisfies the unit one-stable condition if and only if R/J(R) satisfies the unit one-stable condition. [18, Proposition 4.10] showed that for a quasi-normal exchange ring R , R is an (S, 2)-ring if and only if R satisfies the unit 1-stable condition.
Proposition 5.2 Let R be a nil-semicommutative exchange ring. Then the following conditions are equivalent:
(1) R is an (S, 2)− ring;
(2) R satisfies the unit one-stable condition;
(3) Every factor ring R 1 of R is an (S, 2)− ring; (4) Z 2 is not a homomorphic image of R .
Proof It is trivial. 2
It is well known that an exchange ring R has stable range 1 if and only if for any a, x ∈ R and e ∈ E(R), ax + e = 1 implies a + ey ∈ U (R) for some y ∈ R .
